A path information is defined in connection with different possible paths of irregular dynamic systems moving in its phase space between two points. On the basis of the assumption that the paths are physically differentiated by their actions, we show that the maximum path information leads to a path probability distribution in exponentials of action. This means that the most probable paths are just the paths of least action. This distribution naturally leads to important laws of normal diffusion. A conclusion of this work is that, for probabilistic mechanics or irregular dynamics, the principle of maximization of path information is equivalent to the least action principle for regular dynamics.
Introduction
This work is an investigation, in connection with the concepts of information, entropy and least action principle of Maupertuis, of the thermostatistics of dynamic system arbitrarily away from equilibrium. It is hoped that the results may have some connections with quantum gravity theories, quantum cosmology and quantum chromodynamics in particle physics because, firstly, most, if not all, of the systems treated in these fields are in nonequilibrium state and, secondly, the statistical concepts of probability, information, entropy and least (stationary) action solutions (instantons) to Feynman path integrals are so essential and widely used in these disciplines [1] . An important character of the path integral methods is that the probability of certain evolution is determined by an exponential functional of action which is postulated for the first time by Feynman [2] . The reader will find that this is a natural consequence of the principle of maximum path information combined with action of the trajectories of nonequilibrium evolution.
Although the theoretical formalism of equilibrium statistics is well founded on the physical laws with the help of the algorithm of maximum entropy [3, 4] , the present statistical methodology for nonequilibrium systems seems to some extent uncertain [5] . For some nonequilibrium systems, the extension of the concept of Boltzmann and Gibbs entropies are in progress [5, 6, 7] . For stationary state sufficiently close to equilibrium, the principle of minimum entropy production is proposed [8] . For certain systems far from equilibrium, e.g., in the context of the climate of earth, there is the method of maximum entropy production (or minimum entropy exchange) [9, 10] . Here the entropy is always in the sense of Clausius, so the entropy production dS i ≥ 0 according to the second law. Recently, we have witnessed the development of nonextensive statistics theories based on the Tsallis entropy which has been maximized for nonequilibrium systems [11, 12] in chaotic motions or on the edge of chaos according to actual understanding. This is nothing but an extension of Jaynes principle for nonequilibrium systems [13] to another entropy which is not necessarily an entropy in the sense of Clausius.
This work is intended to study the behavior of irregular dynamic systems from the point of view of information theory. It is expected that the reasoning of this work concerning the principle of maximum information and entropy in connection with the concept of action and the principle of Maupertuis, can be helpful for understanding the physics of dynamic processes. In the second part of this paper, we specify some definitions and assumptions used in this work. In the third part, we describe a path information [14] defined in connection with different possible paths of nonequilibrium systems moving in its phase space between two points (cells). On the basis of the assumption that the paths are physically differentiated by their actions, we show that the maximum path information yields an exponential path probability distribution depending on action which implies the most probable paths are just the paths of least action 1 . Finally, this least action distribution is differentiated with time and position in order to derive, in a quite general manner without additional assumptions, the Fokker-Planck equation, the Fick's laws of normal diffusion, the Ohm's law of electrical conduction and the Fourier's law of heat conduction.
In the forth part, an averaged path information is related to the difference of entropy between two phase volumes. The entropy is defined with the natural invariant measure of the nonequilibrium system. This relationship suggests that, if one maximizes path information in order to know the probability distribution of paths for dynamic systems whose motion forms geodesic flows in phase space, the entropy change of the dynamic process must be maximized in order to derive the invariant measures of the process.
Finally, the above result is applied to some chaotic systems evolving in fractal phase space for which a relative entropy change is given by R = i µ i − i µ q i , where q is a positive real parameter characterizing the geometrical features of the phase space and µ i a natural invariant measure. Its maximization (or extremization) with appropriate constraints can yield several power law invariant measures.
Assumptions and definitions
Let us begin by some assumptions and definitions which specify the range of validity of this work.
1. Phase space and partition. As usual the phase space Γ of a thermodynamic system is defined such that a physical state of the system is represented by a point in that space. For a N-body system moving in three dimensional ordinary configuration space, the Γ-space is of 6N dimension (3N positions and 3N momenta) if it can be smoothly occupied. The position of the state point at t = 0 of a movement is called initial condition of that movement. We suppose that a phase volume Ω accessible to the system can be partitioned into v cells of volume s i with i = 1, 2, ...v in such a way that s i ∩ s j = ∅ (i = j) and ∪ v i=1 s i = Ω. A state of the system can be represented by a sufficiently small phase cell in coarse graining way. The movement of a dynamic system can be represented by its trajectories (in the sense of classical mechanics) in Γ space.
2. The natural invariant measure [17] µ i (probability distribution for a nonequilibrium system to visit different phase cells of given partitions) is defined for the cell i as follows :
where ρ(x) is the probability density and x represents the phase position. For dynamic systems viewed as geodesic flow in phase space, the phase trajectories is uniformly distributed in the accessible phase volume [15] . In this case, ρ(x) can be constant over all the phase space and µ i becomes proportional to s i , a phase cell of a given partition. This property will be useful for calculating entropy change of a system moving in fractal phase space (see below).
3. The ergodicity for nonequilibrium system is described by
which means that the average over time is equal to the ensemble average over the occupied phase space volume, where T is the period of the evolution, Q(t) is the value of a quantity Q at time t and Q i is the value of Q in the cell i. In this way, the evolution of information over time can be estimated by the time evolution of the phase space volume occupied by the statistical ensemble of identical systems under consideration.
4. The information we address in this work is our ignorance about the system under consideration associated with some uncertainty or probability distribution. According to Shannon, this information can be measured by the formula
with respect to certain probability distribution p i and the index i is summed over all the possible situations or events.
5. In this work, entropy S of a nonequilibrium system is defined with the natural invariant measure µ i either by Eq.(3) or by other formula, i.e.,
or, more generally,
where Ω is the total occupied phase volume and σ is the entropy density. In the special case of
6. According to the ergodic assumption mentioned above, the entropy change ∆I(T ) of a dynamic system during a long time process can be estimated by the ensemble average of the entropy change during the scale refinement,
=⇒ lim
where ∆I(T ) is the average entropy change during the time T , δi(t) is the entropy change at time t, σ i is the density of information on the phase cell i of volume s i , v T and v 0 are the total numbers of the cells of phase space accessible to the system and visited by the trajectories at time t = T and t = 0, respectively. According to our assumption, the v T cells visited by the system form a geometry which can be reproduced by the v k cells yielded from the v 0 cells by certain map (scale refinement) of k iterations. We may put v k = v T when k and T are large.
3 About a path information
Uncertainties of irregular dynamics
In a previous work [14] , we defined a path information for irregular dynamic systems moving in the Γ-space between two points, a and b, which are in two elementary cells of a given partition of the phase space. It is known that if the motion of the system is regular, there will be only a fine bundle of paths which track each other between the initial and the final cells and minimize action according to the principle of least action [15] . However, if the dynamics is irregular due to large number of degrees of freedom or strong sensitivity to initial conditions, we can have the following two dynamic uncertainties:
1. Between any two fixed cells a and b, there may be different possible paths (labelled by k=1,2,...w) each having a probability p k (b|a) to be followed by the system. This is the uncertainty we studied in [14] .
2. In a fixed period of time, we can observe different possible paths leaving the cell a and leading to different final cells b in a final phase volume B, each having a probability to be followed by the system.
In this section, the discussions will be made with the first uncertainty. By definition, the path probability distribution p k (b|a) is a transition probability from state a to state b via path k for all systems between these two states.
We have w k=1 p k (b|a) = 1. The dynamic uncertainty associated with p k (b|a) is measured by the Shannon information :
H(a, b) is a path information, i.e., the missing information necessary for predicting which path a system takes from a to b.
Least action distribution
The path probability distribution p k (b|a) due to dynamic irregularity can be studied in connection with information theory and action integral on the basis of the assumption that the different paths are uniquely differentiated by their actions. For classical mechanical systems, action is given by
where L k (t) is the Lagrangian of the system at time t along the path k. For other systems, the action may be given by different calculations, e.g., YangMills action and Euclidean action for quantum field theory and quantum cosmology [1] . The average action between state a and state b is given by
The maximization of H(a, b) under the constraints associated with the normalization of p k (b|a) and the average action leads to
Putting this distribution into H(a, b) of Eq.(6), we get
where Q is given by Q = w k=1 exp[−ηA ab (k)] and A ab = − ∂ ∂η ln Q. It is proved that [14] the distribution Eq. (9) is stable with respect to the fluctuation of action, and that Eq. (9) is a least (stationary) action distribution, i.e., the most probable paths are just the paths of least action. We have indeed δp k (b|a) = −ηp k (b|a)δA ab (k) = 0, so that δA ab (k) = 0 leading to Euler-Lagrange equation
= 0 [15] and to Newton's second law which are satisfied by the most probable paths. For stochastic process like Brownian motion [16] , it can be proved [14] that the Lagrange multiplier η is positive and given by the inverse of the diffusion coefficient η = . So the action of Brownian particles has a minimum along the most probable paths.
The physical content of η can be made clearer if we use the general rela-
for Brownian motion leading to
where l is the mean free path and τ the mean free time of the Brownian particles. If we still consider detailed balance [16] , we get D = µk B T where µ is the mobility of the diffusing particles, k B the Boltzmann constant and T the temperature. This means
where mγ = 1 µ is the friction constant of the particles in the diffusion mixture. Eq. (9) can now be written as
A calculation of transition probability
Now let us look at a particle of mass m diffusing along a given path from a to a cell b of its µ-space (one particle phase space). The path is cut into N infinitesimally small segments each having a spatial length ∆x i = x i − x i−1 with i = 1...N (x 0 = x a and x N = x b ). t = t i − t i−1 is the time interval spent by the system on every segment. The Lagrangian on the segment i is given by
where the first term on the right hand side is the kinetic energy of the particle, the second is the average increment of its potential energy and the third is its potential energy at the point x i−1 . The action on the segment i is just
where
is the force on the segment i. According to Eq.(9), the transition probability p i/i−1 from x i−1 to x i on the path k is given by
where Z i is calculated as follows
The potential energy at the point x i−1 disappears in the expression of p i/i−1 because it does not depend on x i . The total action is given by
so the transition probability from a to b via the path k b is the following:
3.4 A derivation of diffusion laws
Fokker-Planck equation
The Fokker-Planck equation describes the time evolution of the probability density function of position and velocity of a particle. This equation can be derived on the basis of the assumptions of Brownian motion and Markovian process [16] . We will show here that this equation can be derived from the distributions given by Eq. (16) 
This is the Fokker-Planck equation, where D is given by D =
2mη
and τ is the mean free time supposed to be the time interval t of the particle on each segment of its path. In view of the Eq. (19) , it is easy to show that this equation is also satisfied by p k (b|a) if x i is replaced by x b or x, the final position. Now let n a and n b be the particle density at a and b, respectively. The following relationship holds
which is valid for any n a . This means (let n = n b and x = x b ):
which describes the time evolution of the particle density.
Fick's laws of diffusion
If the external force F is zero, we get
This is the second Fick's law of diffusion. The first Fick's law
can be easily derived if we consider matter conservation
where J(x, t) is the flux of the particle flow. The diffusion constant D can be related to the partition function Z a by combining the relationship D = 
Ohm's law of electrical conduction
Considering the charge conservation
, where ρ(x, t) = qn(x, t) is the charge density, j(x, t) = qJ(x, t) is the flux of electrical currant and q is the charge of the currant carriers, we have, from Eq.(23),
where F = qE is the electrostatic force on the carriers and E is the electric field. If the carrier density is uniform everywhere, i.e., ∂n ∂x = 0, we get
is the formula of electrical conductivity widely used for metals.
Fourier's law of heat conduction
For heat conduction, let the external force F be zero. We consider a crystal idealized by a lattice of identical harmonic oscillators each having an energy e k = N ν (x, t)hν where h is the Planck constant, ν is the frequency of a mode and N ν (x, t) is the number of phonons of that mode situated at x at time t in the intervals x → x + dx and ν → ν + dν. Suppose that there is no mass flow and other mode of energy transport in the crystal. Heat is transported only through the phonon flow. The phonons of frequency ν diffuse in the crystal lattice, among the lattice imperfections, impurities and other phonons with in addition anharmonic effects [19] , just like a particle of mass m = hν/c 2 having transition probability p k (b|a). Let n ν = N ν /dx be the density of phonons which must satisfy
and also Eq.(24). The total energy density ρ(x, t) of phonons at x and time t is given by
where ̺(ν)dν is the mode number in the interval ν → ν + dν, and ν m is the maximal frequency of the lattice vibration. This relationship holds for any state density ̺(ν) and frequency ν. This implies
On the other hand, the variation of energy density δρ(x, t) can be related to temperature change δT (x, t) by
where c is the heat capacity per unit volume supposed constant everywhere in the crystal. This leads to ∂ρ ∂t
where κ = Dc is the heat conductivity. This equation can be recast into
which describes the evolution of temperature distribution due to the heat flow. When a stationary state is reached, temperature is everywhere constant, i.e.,
∂T (x,t) ∂t = ∆ x T (x, t) = 0, and the temperature distribution is given by ∇ x T (x) = constant.
Now considering the energy conservation in an elementary volume between x and x + dx in which we have − ∂ρ(x,t) ∂t = ∇ x · J(x, t), Fourier's law of heat conduction follows
Summarizing this section, we have introduced a path informationà la Shannon for irregular dynamic systems and assumed that the different paths between any two fixed points in phase space are characterized by their actions. This starting points lead to a least action transition probability in exponentials of action which maximizes the path information and implies that the most probable paths are just the paths (geodesics) required by the least action principle of classical mechanics. From this least action distribution, we can derive important physical laws for normal diffusion without any additional assumptions about the dynamic process (Brownian and Markovian or not). This result can be considered as a robust support to this approach of probabilistic mechanics or statistical dynamics. In what follows, the above method concerning only two fixed phase cells will be extended to arbitrary final cell b in order to study the variation of entropy of dynamic process from the point of view of path information.
Maximize entropy change for nonequilibrium systems
Now the above result concerning only two fixed cells will be generalized to arbitrary destination b. Let us consider an ensemble of N identical chaotic systems leaving the initial cell a for some destinations. The travelling time is specified, say, t ab = t b − t a . After t ab , all the phase points occupied by the systems form the final phase volume B partitioned into cells labelled by b. We observe N b systems travelling along an ensemble of paths labelled also by b leading to certain cell b. A path probability can be defined by p b|a = N b /N which is normalized by b p b|a = 1. We always suppose each ensemble of paths b is characterized by the average action A ab over the ensemble given by Eq. (8) . Then a total average action can be defined by A a = b p b|a A ab . The uncertainty concerning the choice of final cells is just the second uncertainty mentioned in section 3.1. It is measured by the following Shannon information
and can be maximized just as in section 3.2 to give
where θ is the Lagrange multiplier associated with A a . As has been done for the distribution of Eq.(9) in [14] , it can be proved that this distribution is stable with respect to the fluctuation of the average action A ab . It has also been proved in [14] that A ab has a stationary (minimum if η > 0 and maximum if η < 0) when the uncertainty (path information) H(a, b) is maximized. This means that the ensemble of paths with stationary A ab are the most probable, i.e., δA ab = 0 ⇐⇒ δp b|a = 0. Our aim here is to derive the invariant measures µ i which define the entropy S for dynamic systems by Eq.(4) or, more generally, by certain functional σ[ρ(x)]. Our idea is to "complement" the method of maximum entropy by another method for dynamic systems. This is the method of maximum entropy change.
In what follows, we suppose that entropy changes when an irregular dynamic system moves from the initial cell a to the final cells b in B. The initial entropy of the systems at time t = 0 is given by Shannon formula:
where µ a is the invariant measure of the systems in the initial phase volume A at t = 0 and the cell index a is summed over all A. After a time t ab , the systems from the cell a travelling along an ensemble b of paths are found in a cell b with invariant measure µ b (a). Supposing Markovian process, we have
We calculate first the contribution of the cell a to the final entropy of the systems in B. It is given by
The total final entropy is then
where H a is the average of the path information H a over all the initial phase volume A. So if H a is maximized, H a should also be maximized. Eq.(41) is an essential result of this work. It states that, if H a as well as H a must be maximized by the least action distributions, then the entropy change ∆S = S b − S a = H b|a must be also maximized for dynamic process.
We would like to emphasize here that maximum (extremum) entropy change does not exclude the possibility of maximum (extremum) entropy. In fact, if the entropy change is maximized at any moment of an evolution, the entropy must also be at maximum all the time. This can be considered as a proof of the maximum entropy method derived from action principle for stochastic process. The choice of these two methods for a given process of course depends on which of entropy and entropy change is available for the probability functionals to be derived. Following section is an example of the availability of entropy change without even knowing the exact entropy functionals.
The entropy change due to fractal geometry
Now let us use the method of extremum entropy change (an extension of maximum entropy change) to derive invariant measure of dynamic systems. We consider a statistical ensemble of identical dynamic systems all moving in fractal phase space. The outcome of this movement is not specified. This may be a relaxation process towards equilibrium or a long evolution from one nonequilibrium state to another. For this kind of systems, an entropy change has been derived in our previous work [18] in term of invariant measures. We give here a brief description of the method of maximum entropy change and some of its consequences.
In reference [18] , we supposed that all state points in the phase space were equiprobable and uniformly distributed in the initial condition volume. This is true if the ensemble of studied systems forms geodesic flows on phase manifolds [15] . In this case, the invariant measure µ i of a phase cell i of a given partition is just proportional to the volume s i of the cell. We supposed in addition the state density is scale invariant, which is in accordance with the time independent invariant measure if we consider the ergodic assumption. In this case, the relative entropy change from zeroth to λ th iteration of the scale refinement (finer and finer partition of the phase space) is given by
where i is the index and v λ is the total number of the cells of a phase partition. q should be considered as a parameter characterizing the topological feature of the phase space. If the phase space is a simple fractal with dimension d f , we have q = d f /d where d is the dimension of the phase space when it is smoothly occupied. Eq. (42) is originally derived with the hypothesis of incomplete information and incomplete probability distribution for fractal phase space [18] . But its form remains the same for complete probability distribution p i (i.e.
The following presentation is made within this formalism.
R has the following properties 2. For a system composed of two sub-systems A and B with q A and q B satisfying the following rule of product joint probability
it is easy to show the following nonadditivity :
3. R is positive and concave for q > 1, and negative and convex for q < 1. If q = 1, there is no fractal, so R = 0. In other words, the fractal feature of the phase space is responsible for the entropy change. This is in accordance with the numerical result for some chaotic maps [20] . In the case of a simple fractal,
implies phase space expansion (contraction) during scale refinement. So for chaotic dynamic systems, q > 1 corresponds to positive Lyapunov exponent (we lose knowledge about the system so that R > 0) and q < 1 to negative Lyapunov exponent (we gain knowledge about the system so that R < 0).
We see that R is a function of the dimension difference
, we get
This is the form of Tsallis entropy [11] . If q = 1 or d f = d, the phase space is uniformly occupied and the ratio H 1 becomes Shannon entropy. Other extended entropies can be obtained by defining entropy change rate in different manners [18] .
Some invariant measures for chaotic systems
According to our method, R can be extremized under the constraints associated with the normalization v i=1 µ i = 1 and with our knowledge about the random variables x {σ} (σ = 1, 2...w is the index of these variables) concerned in the nonequilibrium process, with w multipliers γ σ each connected with
is the value of x {σ} when the system is at the state i. The probability distribution is given by
This distribution can be applied to many chaotic maps. Following are some examples.
Un model for population evolution
The logistic map y n+1 = Ay n − By 2 n (0 < y n < y max ) [21] is often used for modelling the biological population evolution, where y n is the population of the n th year or of n th order of iteration, y max = A/B is the maximal population (for given living conditions) not to exceed in order that the concerned species do not die out next year, A is a positive constant connected with population growth and B is a positive constant connected with the population decrease.
In this model, the two variables for the population evolution is x n and x 2 n . So if in Eq.(46) one puts x {1} = y and x {2} = y 2 , one gets,
According to the assumption of the roles of the y-term and y 2 -term in the population evolution, we can suppose that γ 1 is related to population increase and γ 2 to population decrease. When γ 1 y + γ 2 y 2 ≫ 1, Eq.(47) becomes
By comparison with the distribution given for A = 4 [21] : µ(x) = where x = y/y max , we obtain γ 1 = −y max , γ 2 = 1, Q = π/y max and q = 3. So R > 0. This implies an increasing entropy process with positive Lyapunov exponent .
The continued fraction map
The continued fraction map [17] is a chaotic map given by x n+1 = 1/x n − ⌊1/x n ⌉ where ⌊1/x n ⌉ is the integer part of 1/x n and x n is a real number between 0 and 1. The probability distribution is given by µ(x) = 1/(1+x) ln 2 and satisfies x µ(x) = 1. This distribution can be obtained from Eq.(46) by using w = 1, x {1} = x, γ 1 = −1, Q = ln 2 and q = 2. This is also an increasing entropy process with Lyapunov exponent λ = ln 2 [17] .
Other application can be found in [18] , e.g., for Ulam map x n+1 = 1−µx 2 n (−1 < x n < 1) with µ = 2, q = 3 and for Zipf-Mandelbrot's law µ(x) = A (1−Bx) τ , q = 1 + 1/τ .
Concluding remarks
A path information is defined in connection with different possible paths of chaotic system moving in its phase space between two cells. On the basis of the assumption that the paths are physically differentiated by their actions, we show that the maximum path information leads to a path probability distribution in exponentials of action from which the well known FokkerPlanck equation, the Fick's laws, the Ohm's law and the Fourier's law can be easily derived in a general way. This result strongly suggests that, for the probabilistic case of irregular dynamics, that the principle of least action for regular dynamics should be replaced by the principle of maximization of path information or dynamic uncertainty. We show that an extended path information between two phase volumes can be related to the entropy change of the processes linking the two phase volumes. Hence the principles of least action and maximum path information suggest the maximum entropy change which can be used to derive the most probable invariant measures for nonequilibrium systems. This result is used to derive invariant measures for some chaotic systems evolving in fractal phase space. We would like to emphasize that the method of maximum entropy change is in accordance with the principle of maximum entropy which can be used for nonequilibrium systems when available. If the system of interest occupying the two phase volumes is in equilibrium, then maximum entropy change of dynamic process linking the phase volumes naturally leads to the Jaynes' principle of maximum entropy for equilibrium systems, as discussed in [22] .
